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The tomographic transform of a free scalar eld (x; t) with mass m in 3+1










Æ(y   n  x)(x; t):
Here n is a unit vector and d
2
n an element of solid angle in the direction of n.
The eld equation satised by
~
(y;n; t) and its equal time commutation
relations are essentially those of a 1+1 dimensional scalar eld, also free and
with mass m.





















It satises the 1+1 dimensional Dirac equation for a right-moving fermion eld,
(that is, depending only on y   t) and has the expected equal-time anticommu-
tation relations. Here u
a
(n), a = 1; 2, are orthonormal four-component spinors




(n) where  are the Dirac alpha matrices.





(y;n; t), in terms of the right-moving part of the
transformed boson
~
(y;n; t), assuming, to begin with, that n is restricted to a






























where (y   y
0


























) ln ([  i(y   y
0
)])
where  and  are infrared and ultraviolet cutos, respectively.
We rst take n to be discretely distributed on some lattice of directions and
reinterpret the Dirac delta function as a Kronecker delta function. Replacing












































= 1. The Klein factors K
A
are needed
to make sure that fermion elds with dierent indices anticommute rather than
commute. In what follows we will ignore these factors. Their only eect is to
correct an occasional sign to its proper value.
The correlation functions for the fermion eld are determined from the
matrix elements of their bosonic representation in the bosonic vacuum. The





















If A = B we get the known fermion function. If A 6= B then this vanishes
in the limit  ! 0, so that the result is indeed proportional to Æ
AB
. When
reinterpreted in terms of a continuous n we do get the correct two-point function

























All of the other fermion correlation functions come out properly as well.
To test the consistency of the bosonization formula we must consider the
important fermion bilinear operators in the 3+1 dimensional theory such as
the Poincare group generators and the chiral charge operators. If 
 is one of

















Trouble arises when we consider the rotation and boost generators. The proper
treatment of the continuum limit of the lattice plays a fundamental role here.
Simplied model and smoothing functions
In order to get at the heart of the problem of the continuum limit we will treat
a simple case in which the the internal variable is one-dimensional. We thus
consider a single component 1+1 dimensionalmassless chiral fermion eld  (x; u)
that depends on a continuous internal variable u whose domain is the real line.




) (x; u) = 0
will be in terms of a right-moving chiral massless boson eld 
r
(x; u). Assuming
for the moment that u is a discrete variable, we write, up to Klein factors,






(x; u)] and obtain for the fermion two-point
function















For the bosonization procedure to work, it is clear that the exponent that
appears in the evaluation of the fermion two-point function must be associated
with a Kronecker delta function, rather than a Dirac delta function so that
the logarithmic singularity in the bosonic two-point function exponentiates to
a simple pole or a simple zero. We need a more analytic method of converting
one type delta function to the other. Returning to a continuous u, we introduce










): We take f(u) to be a real,
even function. The Dirac delta function is replaced in the commutation relations
among the  operators, as well as in the bosonic two-point function, by the












). It is thereby softened. We
will choose f(u) so that g(u)  0, g(0) = 1, and (u)g
0
(u) < 0 if g(u) 6= 0.
To make sure that g(u) goes to 0 very quickly as juj increases we take it to
be a function of u= and eventually take the scale parameter  to zero. This
simulates the properties of a Kronecker delta function.
We dene the eld
^




4(x; u)] which will be
the candidate for the canonical fermion eld  in the appropriate limit. Here C
is some constant, to be specied later, that depends on  and on the choice of



























As the infra-red cuto  goes to zero, this vanishes unless u = u
0
. Choosing C to
depend on  so that C diverges suitably in this limit, we obtain the desired Dirac
delta function and the same answer as in the discrete case, with the Kronecker
delta replaced by the Dirac delta.
There is a surprise when we consider the four-point function. One must


































to the adjoint elds. In order to obtain the correct behavior when all four
internal indices are close we nd that we cannot choose f(u) such that g
0
(0) = 0.
In fact g(u) must have a cusp at u = 0. Thus Gaussian functions for f(u) and
g(u) are ruled out. A triangular pulse is acceptable for g(u) and this corresponds
to a rectangular pulse for f(u).
Fermion bilinears
We go on to discuss the fermion bilinears. This is where we had trouble in the











where the arguments are allowed to come together, possibly after various deriva-
tives have been taken. This is the nature of the spatially point-split structure of
the charge operator, and of the generators of translations in x, t and u. We pro-
ceed to evaluate it using operator-product expansion methods (which are exact









































). The normal ordering is with respect to the bosonic





























































































);  (x; u
1
)]:











































































[(1; 0)   ( 1; 0)].












 (x; u) which becomes the correct
canonical relation as ! 0.









 (x; u)] + (h. c.) gen-
erates translations in u. It is the analogue of the rotation and boost operators in
the tomographic representation of the 3+1 dimensional case. If we were to follow
the procedure used for the chiral charge we would nd that when expressed in
terms of bosonic elds, the candidate generator would vanish. The remedy for
this is to back up a step and delay taking  to zero. Then the spreading function
used to dene the bilinear, (which need not be the same as what we used for the
chiral charge, namely N

g(u)), can be taken to depend on  in just such a way
as to yield the correct answer in terms of canonical boson elds in the limit.
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